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THE NUMBER OF TORSION DIVISORS IN A STRONGLY F-REGULAR RING IS BOUNDED BY
THE RECIPROCAL OF F-SIGNATURE
ISAAC MARTIN
ABSTRACT. Polstra showed that the cardinality of the torsion subgroup of the divisor class group of a local strongly F-
regular ring is finite. We expand upon this result and prove that the reciprocal of the F-signature of a local strongly F-regular
ring R bounds the cardinality of the torsion subgroup of the divisor class group of R.
1. INTRODUCTION
Throughout this article, let R be a commutative Noetherian ring of prime characteristic p> 0 and define Fe : R→ R
to be the eth iterate of the Frobenius endomorphism. We also assume that the Frobenius endomophism is a finite map,
i.e. that R is F-finite. Given an R-moduleM, we denote by Fe∗M the R-module obtained fromM by restricting scalars
along the Fe. That is, the endofunctor Fe∗ : R-mod→ R-mod takes M to the R-module F
e
∗M, which is precisely M as
an Abelian group and whose R-action is defined according to the R-action on M by r ·Fe∗m := r
pem (here, if m ∈M,
we use Fe∗m to denote the corresponding element in F
e
∗M). It is clear that F
e
∗ is exact.
Associated to F-finite local rings is an invariant known as F-signature. This was first introduced by Smith and
Van den Bergh [SVdB97], was formally defined by Huneke and Leuschke [HL02], and was proven to exist under
general hypotheses by Tucker [Tuc12]. Because we work only with integral domains, for our purposes we define the
F-signature of R to be the limit
s(R) := lim
e→∞
frkFe∗ R
rankRFe∗ R
.
Here, frkFe∗ R denotes the free-rank of F
e
∗ R, the maximal rank of a free-module appearing in a direct sum decomposition
of Fe∗ R.
The ring R is said to be strongly F-regular if for each nonzero r ∈ R there is some e ∈ N and ϕ ∈ HomR(Fe∗ R,R)
such that ϕ(Fe∗ r) = 1. Aberbach and Leuschke proved that a local ring of prime characteristic is strongly F-regular if
and only if its F-signature is positive [AL03]. Every stongly F-regular ring is a normal domain and therefore has a
well-defined divisor class group on Spec(R), which we call Cl(R). Polstra showed that if R is strongly F-regular, then
the torsion subgroup of Cl(R) is finite [Pol20]. Together, these results lend plausibility to the following theorem, the
primary contribution of this paper:
Theorem. Let (R,m,k) be a local F-finite and strongly F-regular ring of prime characteristic p > 0. Then the
cardinality of the torsion subgroup of the divisor class group of R is bounded by 1/s(R) where s(R) is the F-signature
of R.
The author notes that 1/s(R) has previously been used to establish upper bounds on other related invariants, notably
on the order of the étale fundamental group of a strongly F-regular ring [CRST18] and on the order of an individual
torsion divisor D in a strongly F-regular ring [CR17]. These results further motivate this article. We further note that
the techniques employed here are largely inspired by the novel proof in [PS19, Theorem 3.8] of the classic result first
proven in [HL02]: s(R) = 1 if and only if R is regular.
Acknowledgements. The author would like to thank Karl Schwede and especially Thomas Polstra for many valuable
hours of mentoring and discussion.
Date: September 29, 2020.
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2. PRELIMINARY RESULTS AND NOTATION
For R-modules M and N, denote by aM(N) the maximal number of M summands appearing in a direct sum de-
composition of N. In the case that N = Fe∗ R, we say that a
M
e (R) := a
M(Fe∗ R). We use T(Cl(R)) to denote the torsion
subgroup of Cl(R), the divisor class group of R.
2.1. Divisorial Ideals. This section is included for convenience, and readers may choose to skip it. The results in
this section are not new, but rather a collection of proofs for commonly used tricks regarding divisorial ideals. We
establish Lemma 2.1 before moving onto the primary result of this section, Proposition 2.2, which is used throughout
this document to manipulate divisorial ideals.
Recall that if R is a Noetherian normal domain with X = Spec(R), then we let Div(X) (or sometimes Div(R)) be
the free Abelian group on the height 1 primes of R. Denote by K the fraction field of R. If we fix a height 1 prime p in
R, then Rp is a regular local ring of Krull dimension 1, and is therefore a principal ideal domain with fraction field K.
It’s maximal ideal is pRp, and is generated by some element pip ∈ Rp. If f ∈ K, then we may uniquely write f as upiNp
for some unit u ∈ Rp and integer N. Thus, for each height 1 prime, we have a valuation νp : K×→ Z defined
νp( f ) = N.
There are only finitely many height 1 primes p such that νp( f ) 6= 0, so
div( f ) = ∑
p∈Spec(R)
htp=1
νp( f ) ·p
is a divisor. We call divisors of the form div( f ) principal divisors, and since div( f · g) = div( f )+ div(g), the set of
principal divisors forms a subgroup in Div(R). The divisor class group of R, denoted Cl(R), is obtained from Div(R)
by modding out by the subgroup of principle divisors.
If all the coefficients of the terms in a divisor D are nonnegative, then we say D is effective and write D≥ 0. Given
a divisor D, we define the divisorial ideal of D to be
R(D) = { f ∈ K× | div( f )+D≥ 0}∪{0}.
Every divisorial ideal is a finitely generated, rank 1 R-module which satisfies Serre’s condition (S2), and conversely,
every rank 1 R-module which satisfies (S2) is isomorphic to a divisorial ideal. In particular, this means R(D) is a
reflexive module [Har94]. We will be particularly interested in how divisorial ideals interact with restriction along
Frobenius Fe∗ (−), and note here that because F
e
∗ commutes with Hom(−,R) it also commutes with the reflexification
functor HomR(HomR(−,R),R) = (−)∗∗.
Recall that for a prime P ∈ Spec(R), the nth symbolic power of P is defined P(n) = PnRP∩R. Divisorial ideals can
be realized as the intersections of symbolic powers of primes. For a divisor D= N1p1+ ...+Nℓpℓ,
(1) R(D) = R(N1p1)∩ ...∩R(Nℓpℓ) = p
(−N1)
1 ∩ ...∩p
(−Nℓ)
ℓ .
Note that if N ≥ 0 and P ∈ Spec(R) is a prime, then
P(−N) := { f ∈ K | νP( f )≥−N}∪{0}.
This means P(−N) consists only of elements in k which have at most an Nth power of piP in their denominator. We
prove the following two lemmas for use in the proof of Proposition 2.2 (c).
The following lemma is well known, but it’s proof is included for convinience.
Lemma 2.1. Suppose (R,m) is a local principle ideal domain of prime characteristic p > 0. Denote by 〈pi〉 the
maximal idealm. Then for any integers n,m ∈ R,
Fe∗ 〈pi
n〉⊗R 〈pi
m〉 ∼= Fe∗ 〈pi
n+mpe〉
via the isomorphism ϕ : Fe∗ x⊗ y 7→ F
e
∗ (xy
pe).
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Proof. We first establish that this map is a R-module homomorphism. It is R-multiplicative: if r ∈ R, x ∈ 〈pin〉 and
〈pim〉, then
ϕ
(
r · (Fe∗ x⊗R y)
)
= ϕ(Fe∗ r
pex⊗R y)
= Fe∗ (r
pexyp
e
)
= r ·Fe∗ (xy
pe) = r ·ϕ(Fe∗ x⊗R y),
and by extending additively to arbitrary tensors we have that ϕ is R-linear. To see that it is an isomorphism, we define
a map
ψ : Fe∗ 〈pi
n+mpe〉 → Fe∗ 〈pi
n〉⊗R 〈pi
m〉, Fe∗ (xy
pe) 7→ Fe∗ x⊗R y
Every element of 〈pin+mp
e
〉 = 〈pimp
e
· pin〉 = 〈pim〉 · 〈pin〉p
e
may be realized as a product x · yp
e
where x ∈ 〈pim〉 and
y ∈ 〈pin〉, so this map is well-defined and is easily seen to be a morphism of R-modules. We then have
ϕ ◦ψ(Fe∗ (xy
pe)) = ϕ(Fe∗ x⊗R y) = F
e
∗ (xy
pe)
and
ψ ◦ϕ(Fe∗ x⊗R y) = ψ(F
e
∗ (xy
pe)) = Fe∗ x⊗R y,
so we conclude that ϕ is an isomorphism. 
We now proceed to the following proposition, which provides a means of manipulating expressions involving tensor
products, reflexifications, and scalar-restrictions of divisorial ideals.
Proposition 2.2. Suppose (R,m,k) is a strongly F-regular ring of prime characteristic p > 0. Let D1 and D2 be Weil
divisors, and note that M∗∗ = HomR(HomR(M,R),R). The following are true:
(a) HomR(R(D1),R(D2))∼= R(D2−D1)
(b) (R(D1)⊗R(D2))∗∗ ∼= R(D1+D2)
(c) (Fe∗ R(D1)⊗RR(D2))
∗∗ ∼= Fe∗ R(D1+ p
eD2).
Proof. We first prove (a). Suppose f ∈ R(D2−D1), and define a map ϕ f : R(D1)→ K× by g 7→ f · g. Since f ∈
R(D2−D1), div( f )+D2 ≥ D1, and so for any x ∈ R(D1),
div(x f )+D2 = div(x)+ div( f )+D2 ≥ div(x)+D1 ≥ 0,
so x f ∈ div(D2). Each f ∈ R(D2−D1) defines a map ϕ f : R(D1)→ R(D2), so R(D2−D1)⊆ HomR(R(D1),R(D2)).
Now fix a map ϕ ∈ HomR(R(D1),R(D2)). Each divisorial ideal R(D) is rank 1, so tensoring ϕ : R(D1)→ R(D2)
gives us a commutative diagram
R(D1) R(D2)
k ∼= R(D1)⊗R k R(D2)⊗R k ∼= k.
ϕ
ϕ ′
The map ϕ ′ is linear as a map of k-vector spaces, so there is some element f ∈ k such that ϕ ′(x) = x f for every x ∈ k.
Tracing through the diagram and using the fact that each divisorial ideal is a submodule of k, we realize ϕ(x) = x f as
well. This means R(D1− div( f )) = f ·R(D1) ⊆ R(D2), so D1− div( f ) ≤ D2 =⇒ D2−D1+ div( f ) ≥ 0, giving us
the second inclusion.
Given (a), the proof of (b) follows from the fact that Hom(M,−) and − ⊗ M form an adjoint pair, i.e. that
Hom(A⊗B,C) = Hom(A,Hom(B,C)). Indeed,
HomR
(
HomR(R(D1)⊗R(D2),R),R
)
∼= HomR
(
HomR(R(D1),Hom(R(D2),R)),R
)
∼= HomR
(
HomR(R(D1),R(−D2)),R
)
∼= HomR
(
R(−(D2+D1)),R
)
∼= R(D1+D2).
To prove (c), for two divisors D1 and D2 we first notice that the map
ϕ : FeR(D1)⊗R R(D2)→ F
e
∗ R(D1+ p
eD2), F
e
∗ x⊗ y 7→ F
e
∗ (x · y
pe)
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is a homomorphism. Indeed, if x ∈ R(D1) and y ∈ R(D2), then
div(x · yp
e
)+D1+ p
eD2 = div(x)+D1+ p
e(div(y)+D2))≥ 0,
so Fe∗ x⊗ y lands in F
e
∗ R(D1+ p
eD2). It’s R-multiplicative: taking r ∈ R, we see
ϕ
(
r · (Fe∗ x⊗ y)
)
= ϕ
(
Fe∗ x⊗ r · y
)
= Fe∗ (x · r
peyp
e
) = r ·Fe∗ (x · y
pe) = r ·ϕ
(
Fe∗ x⊗ y
)
,
and by extending additive to arbitrary tensors we have that ϕ is R-linear. By localizing at some height 1 prime
p ∈ Spec(R), we get a map
ϕp : F
e
∗ R(D1)p⊗Rp R(D2)p → F
e
∗ R(p
eD)p
where we have taken advantage of the fact (Fe∗ R(D1)⊗R R(D2))p ∼= F
e
∗ R(D1)p⊗Rp R(D2)p. I claim ϕp is an isomor-
phism.
Let np and mp be the components of p in D1 and D2 respectively, where n and m are integers. Because p is height
1, we see R(D1)p ∼= p−nRp ∼= 〈pi−n〉 and R(D2)p ∼= p−mRp ∼= 〈pi−m〉, where 〈pi〉 is the maximal ideal pRp in Rp. After
localization and composition with the above isomorphisms, the map ϕp is defined
ϕp : F
e
∗ 〈pi
n〉⊗R 〈pi
m〉 → Fe∗ 〈pi
n+mpe〉, Fe∗ x⊗ y 7→ F
e
∗ (xy
pe),
and applying Lemma 2.1 tells us it is an isomorphism.
Since p was chosen arbitrarily, ϕ is an isomorphism after localizing at any height 1 prime. Thus, since ϕ is an
isomorphism at the level of height 1 primes, by reflexifying, we see that
(Fe∗ R(D1)⊗R R(D2))
∗∗ ϕ
∗∗
−−→
(
Fe∗ R(D1+ p
eD2)
)∗∗
is an isomorphism by [Har94, Theorem 1.12]. Since reflexification commutes with Fe∗ (−) and every divisorial ideal is
reflexive, Fe∗ R(D1+ p
eD2) is reflexive as well. This gives us
(Fe∗ R(D1)⊗R R(D2))
∗∗ ∼=
(
Fe∗ R(D1+ p
eD2)
)∗∗ ∼= Fe∗ R(D1+ peD2)
as desired. 
2.2. Strongly F-regular rings. We now present a refinement of [Pol20, Corollary 2.2], stated as Lemma 2.4, which
features the same techniques employed by Polstra. We state [Pol20, Lemma 2.1] for convenience.
Lemma 2.3 ([Pol20, Lemma 2.1]). Let (R,m,k) be a local normal domain. Let C be a finitely generated (S2)-module,
M a rank 1 module, and suppose that C ∼=M⊕a1 ⊕N1 ∼=M⊕a2 ⊕N2 are choices of direct sum decompositions of C so
that M cannot be realized as a direct summand of either N1 or N2. Then a1 = a2.
Lemma 2.4. Let (R,m,k) be a local normal domain and C a finitely generated (S2)-module. If D1, ...,Dt are divisors
representing distinct elements of the divisor class group and R(Di) is a direct summand of C for each 1≤ i≤ t, then
R(D1)
aR(D1)(C)⊕ . . .⊕R(Dt)
aR(Dt )(C)
is a direct summand of C.
Proof. Suppose C ∼= R(D1)n1 ⊕ ...⊕R(Di)ni ⊕N for some 1 ≤ i ≤ t and n j ≤ aR(D j)(C) for 1 ≤ j ≤ i. We induct in
two ways: first we show that R(Di+1) is necessarily a summand of N, and second we show that if n j < aR(D j)(C), then
R(D j) is a summand of N. In this way, we may refine N untilC ∼= R(D1)a
R(D1)(C)⊕ . . .⊕R(Dt)a
R(Dt )(C)⊕N.
We claim that R(Di+1) is a summand of N, and by Lemma 2.3, it suffices to show that R(Di+1) is not a summand
of R(D1)n1 ⊕ ...⊕R(Di)ni . Suppose R(Di+1) is indeed a summand of R(D1)n1 ⊕ ...⊕R(Di)ni , for the sake of contra-
diction. Hom-ing into R(Di+1) and applying Proposition 2.2 means that R(Di+1−D1)n1 ⊕ ...⊕R(Di+1−Di)ni has
an R summand. There must then exist a surjective R-linear map R(Di+1−D1)n1 ⊕ ...⊕R(Di+1−Di)ni → R. By the
locality of R, there must exist some j such that the image of R(Di+1−D j) under this map contains a unit. This means
R(Di+1−D j) has free rank 1, and since every divisorial ideal is also rank 1, R(Di+1−D j) ∼= R as R-modules. Thus,
Di+1 andD j are linearly equivalent divisors, a contradiction to our assumption that they represent different equivalence
classes in the divisor class group.
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Now suppose for some 1≤ j ≤ i that n j < aR(D j)(C), and remember that we have the following direct sum decom-
position ofC:
C ∼= R(D1)
n1 ⊕ ...⊕R(Di)
ni ⊕N.
We claim that R(D j) must be a summand of N. We proceed by contradiction, as before, and assume instead that
R(D1)n1⊕ ...⊕R(Di)ni has n j+1 R(D j) summands (the n j summands already present in addition to one extra). Hom-
ing into R(D j) and applying Proposition 2.2 means that
R(D j−D1)
n1 ⊕ ...⊕R⊕n j⊕ ...⊕R(D j−Di)
ni
must have n+ 1 R-summands. There must then exist an R-linear map
R(D j−D1)
n1⊕ ...⊕Rn j ⊕ ...⊕R(D j−Di)
ni → R⊕n+1.
Quotienting by R⊕n j induces a map ⊕
1≤k≤i,k 6= j
R(D j−Dk)→ R,
and by locality there must be some k such that the image of R(D j−Dk) contains a unit. As before, by rank consider-
ations, this contradicts the assumption that D j and Dk are represent distinct classes in the divisor class group, which
concludes the proof. 
It is known that the divisorial ideals of torsion divisors in strongly F-regular rings are maximal Cohen-Macaulay
modules due to [PS14] and [DS16], but we present a novel proof here. IfM is a finitely generated module over a local
ring (R,m,k) of prime characteristic p and e ∈ N, then we let
Ie(M) = {η ∈M | ϕ(F
e
∗ η) ∈m,∀ϕ ∈HomR(F
e
∗M,R)} .
Lemma 2.5. Let (R,m,k) be a F-finite strongly F-regular ring and Mi an R-module for 1≤ i≤ n. If each Mi is torsion
free, then ∃e ∈ N such that Fe∗Mi has a free summand for all 1≤ i≤ n.
Proof. Observe that Fe∗M has a free summand exactly when there is some ϕ ∈ HomR(F
e
∗M,R) such that ϕ(m) = 1.
To see this, suppose we have such a ϕ(m) = 1. If this is the case, then the map α : R→ M defined α(1) = m is a
morphism such that ϕ ◦α = idR, so the exact sequence
0→ kerϕ →M→ R→ 0
splits andM ∼= kerϕ ⊕R.
Assume thatM is a torsion freeM module. Lemma 2.3 (4) in [Pol20] gives us that
(2)
⋂
e∈N
Ie(M) = 0.
Thus, for every 0 6= η ∈M, there is some e(η) ∈N such that η 6∈ Ie(η)(M) and therefore some ϕ ∈HomR(F
e(η)
∗ M,R)
such that ϕ(η) 6∈m. Without loss of generality we take ϕ(η) = 1.
Now suppose M1, ...,Mn are torsion free R-modules. For each Mi, choose 0 6= ηi ∈ Mi and let e(ηi) be a natural
number depending on ηi such that ηi 6∈ Ie(ηi)(Mi). Set
e0 =max{e(η1), ...,e(ηn)}.
By part (3) of Lemma 2.3 in [Pol20], Ie0(Mi) ⊆ Ie(ηi)(Mi) since e0 ≥ e(ηi). Thus, for each 1 ≤ i ≤ n we may find a
ϕi ∈HomR(F
e0
∗ Mi,R) such that ϕi(ηi) = 1, and conclude that F
e0
∗ Mi has a free summand for each 1≤ i≤ n. 
Proposition 2.6. Let (R,m,k) be a F-finite strongly F-regular ring. If D is a torsion divisor, then R(D) is a maximal
Macaulay module.
Proof. Since R(D)⊆ k, R(D) is torsion free. Furthermore, since D is a torsion divisor, up to linear equivalence nD= 0
for some n ∈ Z and the list {nD}n∈Z is finite. By Lemma (2.5) there is some e ∈ N such that for all n ∈ Z, Fe∗ R(nD)
has a free summand. This means we may write Fe∗ R(−p
eD) = R⊕M for some moduleM. Tensoring with R(D) and
reflexifying yields
Fe∗ R∼= R(D)⊕HomR(HomR(M⊗R R(D),R),R)
after applying Proposition 2.2. Thus R(D) is a summand of the maximal Cohen-Macaulay module (Fe∗R) so we
conclude that R(D) is maximal Cohen-Macaulay. 
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3. MAIN RESULT
Throughout this section, (R,m,k) is a local F-finite strongly F-regular ring.
Lemma 3.1. Let D be any torsion divisor. There exists an e0 such that if e≥ e0, then a
R(D)
e (R)≥ 1.
Proof. Direct consequence of [Pol20, Theorem 3.1]. 
Lemma 3.2. Let D be a torsion divisor. Then
lim
e→∞
aR(D)e (R)
rankFe∗ R
= s(R),
where s(R) is the F-signature of R.
Proof. This proof consists of two parts. We first show that frkRFe∗ R(−p
eD) = aR(D)e (R), and then we calculate the
limit.
First e ∈N and let n= aR(D)e (R). We have Fe∗ R∼= R(D)
n⊕M, whereM is a finitely generated R-module without an
R(D) summand. By Proposition 2.2, applying −⊗R R(−D) and then HomR(HomR(−,R),R) to this isomorphism we
obtain
(3) Fe∗ R(−p
eD)∼= Rn⊕N
where N = HomR(HomR(M⊗R R(−D),R),R). We claim n = frkFe∗ R(−p
eD). Suppose for the sake of contradiction
that N had a free summand, i.e. that N ∼= R⊕P for some R-module P. Tensoring equation 3 by R(D) and reflexifying
gives us
Fe∗ R∼= R(D)
n⊕R(D)⊕HomR(HomR(P⊗RR(D),R),R).
This means R(D)n+1 appears as a summand in a direct sum decomposition of Fe∗ R, which contradicts the maximality
of n. Thus, frkRFe∗ R(−p
eD) = aR(D)e (R).
For the second part of the proof, we first establish notation. Polstra proved that the torsion subgroup T(Cl(R)) of the
divisor class group of a strongly F-regular ring is finite [Pol20], so we may enumerate them: T(Cl(R)) = {D1, ...,Dk}.
We denote the "eth" term in the sequence defining the F-signature of R(Di) as follows:
se(R(Di)) =
frkFe∗ R(Di)
rankFe∗ R
.
Since each divisorial ideal is a finitely generated rank 1 module, Tucker tells us [Tuc12, Theorem 4.11]
lim
e→∞
se(R(Di)) = s(R(Di)) = s(R) · rankR(Di) = s(R)
for each 1≤ i≤ k. In particular, se(R(Di)) and se(R(D j)) are equivalent Cauchy sequences for each 1≤ i, j ≤ k. Now
set
be =
aR(D)e (R)
rankFe∗ R
for sake of clarity. We show that the sequence {be} is equivalent to {se(R(D1))} as a Cauchy sequence and conclude
that limbe = s(R).
Fix ε > 0. By the equivalence of Cauchy sequences, for each 1≤ i≤ k, we may find Ni ∈N such that for all e≥ Ni,
|se(R(Di))− se(R(D j))| < ε . Notice that since a
R(D)
e (R) = frkFe∗ R(−p
eD) and −peD is a torsion divisor, be is equal
to se(R(Di)) for some 1≤ i≤ k. If we let N =max{N1, ...,Nk}, then for all e≥ N, we have
|se(R(D1))− be| ≤max
{
|se(R(D1))− se(R(Di))| : 1≤ i≤ k
}
< ε.
Thus, {se(R(D1))− be} is equivalent to the 0 sequence, so {be} is equivalent to {se(R(D1))} as a Cauchy sequence.
We conclude that lime→∞ be = s(R). 
Theorem 3.3. Let (R,m,k) be a local F-finite and strongly F-regular ring of prime characteristic p> 0. Then
|T(Cl(R))| ≤ 1/s(R),
where T(Cl(R)) is the torsion subgroup of the divisor class group of R.
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Proof. Set
ne = ∑
D∈T(Cl(R))
aR(D)e (R).
Fix e0 as in Lemma 3.1, and let e≥ e0. For each torsion divisor D, R(D) is a summand of Fe∗ R, so by Lemma 2.4 and
the fact that R(D) is rank 1 for any torsion divisor, we have that
ne = ∑
D∈T(Cl(R))
aR(D)e rankR(D)≤ rankF
e
∗ R.
By Lemma 3.2,
lim
e→∞
ne
rankFe∗ R
= lim
e→∞ ∑
D∈T(Cl(R))
aR(D)e (R)
rankFe∗ R
= ∑
D∈T(Cl(R))
lim
e→∞
aR(D)e (R)
rankFe∗ R
= ∑
D∈T(Cl(R))
s(R)
= |T(Cl(R))| · s(R).
The limit commutes with the sum since |T(Cl(R))|< ∞ by Corollary 3.3 in [Pol20]. Because ne ≤ rankFe∗ R,
|T(Cl(R))| · s(R) = lim
e→∞
ne
rankFe∗ R
≤ 1,
and we conclude
|T(Cl(R))| ≤
1
s(R)
.

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